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% Classical theory of dispersion
% Complex refractive index
“* Propagation and absorption of waves in dielectrics
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Previous lecture

Dynamic properties of reflection at the boundary of dielectrics.

* The reflection and transmission (Fresnel) coefficients are
different for p (|I) and s (L) polarised waves.

s+ Reflectance and transmittance at normal incidence:
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<% For grazing incidence, R” =R, =1.

n2
< For incidence at the Brewster’s angle @B = arctan (n_)’
1

the p-polarised wave is fully transmitted: R|| =0.



Dispersion of EM waves
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% Dispersion: dependence of refractive
index on the frequency of EM waves,
n=n(w), occurring in all media.

¢ Dispersion of radiowaves is observed in interstellar medium.

¢ Dispersion is due to oscillations of charges
driven by the oscillating electromagnetic field.

% Classical theory of dispersion in dielectrics
(developed by Lorentz): damped oscillations of bound charges.

% Complete theory is based on quantum mechanics.
However classical theory leads to many correct results.



Electron in an oscillating EM field
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Consider a single bound electron, and a field E = ewEge

The effect of the magnetic field in an EM wave is negligible:

v B B v
Fg / Fg < dUelectron — Vulectron — = electron <1
qb E VUwave

Driven damped harmonic oscillator model.:

assuming oscillation amplitude « wavelength, i.e. neglecting spatial dispersion,
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mr = —qEoe™" — myr — mwjx

~ ~ 7 N ——~  “— — Restoring force.

>0: Eticmtgst;orccej.] arge Dissipative (damping) term: wy: natural resonant
4= Y ge. collisions, radiation. frequency.
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Let’s look for a steady solution: () = xpe
m(iw)?z(t) = —qE(t) — m~ - iwz(t) — mwiz(t)

qE(t) = m [wz — iYW — “’0] () ( x(t)and E(t) )

m oscillate at the
x(t) = 9/ E(t) same frequency,

(w? — wg) — iyw . out of phase )3




Magnitude of oscillations
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The mean dissipated power, b .

q(E(t) - x(t)), also has

a maximum at W =~ Wy

Quantum mechanical interpretation: !
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Complex relative permittivity

Oscillating polarisation of the dielectric material

(= dipole moment per unit volume, lecture 7): (ﬁ — q&»\
neq?/m -
P(t) = —neqz(t) = (5 5 B0 | o-%s
n.: density of electrons [1/m?3] 0 \_9 *q )
Relative permittivity (lecture 8): )
P neq* /meg
e=14+xg =11 =11 5 5 :
eo 0 (w§ — w?) + tyw
w2
Finally, € = 1 - P , Recall that
(W3 — w?) + iyw — ~
0 B n = \en ~ e
Neq?
where wp = is the plasma frequency (depends on n, only).
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¢ Dispersion: € and n depend on the frequency w of the wave.
% Absorption: € and n are complex, due to the damping term. 5



Relative permittivity near resonance

Relative Permitivity (e, )

Complex relative e(w)=1

permittivity:
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Real and imaginary parts,

written explicitly:
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Refractive index vs frequency

Behaviour of the functions g4 ;(w):

% g4(w)=1 far from resonance; g{(wg)=1; £¢(w) falls across resonance.
% &,(w)~0 far from resonance; &,(w) reaches a maximum near
the resonance; &,(wg)=wp?/(ywy).

Complex refractive index n = \/E: find real and imaginary parts.

n? = (n1 — in2)2 — g =¢€1 — 1€9
n% — 21Mm1ng — n% — €1 — 1€9
n% - n% — &4 Assuming N2 <K nq,
\/_ d n =2
_ N1 =— /€1 an 2 —
2?‘11?12 — &9 2\/5

% Dispersion (n,) and absorption (n,) are inextricably linked.

% Dielectric materials have multiple absorption bands,
corresponding to multiple resonant frequencies.

*+ In addition to electronic modes discussed above,
vibrational and rotational modes are often present. 7



Wave propagation in dielectrics

o , w nw
Considering m = n73 —tng and k= — = — |

v C
a plane monochromatic wave propagating in the +z direction is

—

E — E"Oei(wt—kz) — E_’Oeiw(t—nz/c)
— E_’Oeiw(t—nlz/c)e—wnzz/c
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~
Plane wave propagating Exponentially decreasing
with a speed v=c/n; amplitude: absorption

Time-averaged energy flux: (N (2)) ~ (| E(2)|?) ~ e~ 2wn2z/c
Absorption coefficient: K=2wn,/c.
Characteristic attenuation length L is defined by 1

(N(L))/(N(0)) = e~ 2mab/c = >

Therefore (denoting wavelength in free space 1),
B In2 c c n1v n1 1A A0
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Water: a polar dielectric

% Low frequencies (w<«107° Hz): no resonances, no dispersion and
negligible absorption. Static limit: € = 81; n = Ve=9.

% Microwaves (w~10"" Hz): absorption bands due to rotational states.

Infrared (w=10"3-10"4 Hz): absorption bands due to vibrational states.

Visible light (w=4-8x1074 Hz): negligible absorption, transparency.

Ultraviolet (w=107°-10"¢ Hz): large absorption due to plasmons.

Higher frequencies: negligible absorption.
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1 e ——~. ] Ny
L M wisigley [~ T~ < At v=2.45 GHz (i.e. 1,=12 cm),
L/ || light , N2™~.] n,=0.5, and the absorption
oo / 1 picrawaves length is L = Ay/(27n,) =~ 4 cm.
%D.Dnm — Real part
: 1e0s ] — Imaginary par % This is the frequency typically
o e ] radibwaves used in microwave ovens.
\)} vi=2.45 GHz
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Summary

% Dispersion (i.e. dependence of n on w) arises from oscillations
of charges driven by an oscillating electric field.

¢ Classical theory of dispersion for a single resonant frequency
w, leads to a complex relative permittivity
varying with frequency:

2 2
W Neq
e =14 5 2P : with wp =
(w§ — w?) + tyw MeEQ

and a complex refractive index Tt — \/E :

% The complex part of refractive index (n,) describes
the absorption of EM waves near a resonance frequency.
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< Wave attenuation length in dielectrics: L ~
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