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Previous lecture

% Ohm’slaw: 3 = o &

: . : Nee?
¢ Static conductivity, applies to o — € T
the low-frequency regime (w<y=1/t.): Me ¢
2
B 1 W
X Complex wave numper in conductors, k? = — — ipowo
leading to attenuation of EM waves: c?

% Ratio of displacement/conduction terms: Q

s Complex wave number in good conductors (Q<«1):
1 — 2
k = NG AT

¢ For copper, the good conductor condition Q<1 is satisfied
in the low-frequency regime (w<«1/t.: radiowaves, microwaves).1



Wave attenuation

Plane wave in a good conductor (k=k,-ik;), in the z direction:
E, — Eoei(wt—kz) — Eoei(wt—krz) e—kiz

Skin depth: distance corresponding to 5 — i _ 2

amplitude attenuation by a factor of e k; [T Yed®,

For copper (6=6x107 Q- 'm~1; recall that py = 4nx10-7 H/m),
6=10 mm at v=50 Hz; and 6=10 um at v=50 MHz.

—

No waves in ideal conductors: c—o0, ki—>w, §50, FF = 0.

Ratio of skin depth to wavelength in free space (Ay=2n/ky=2nc/w):

2w /EoMo << 1
OO W ‘ome oo 2T \/_71—\/

Radiowaves and microwaves are rapidly attenuated
in good conductors: RF shielding of sensitive equipment. 2




Wave impedance

Eq. (M3) for € 1: VXE o8 oH
: or € = = 1: = —— = —

q H ey, Ho—,
Using the shortcuts (lecture 14), —iE X E = —iwp,OI:j

For a good conductor, k = e_iﬁ/4\/ugaw (lecture 19)

Therefore, the wave impedance is

ZZEZ%:IJOUJ'G?:W/AL 1 :eiﬂ-/4 %
H k VOO W o
2
Comparing to the expression for the skin depth, 0 = ,
HoO W
btain 7 142 1 1+ 1
we obtain = . — ow =
V2 o Fo o0

Magnetic field lags in phase by 45 degrees wrt electric field. 3



EM field energy

Example: copper (c=6x107 Q" 'm~"; py=4nx10-7 H/m) at v=10 GHz,

1+ 1 w
gz =T JHEYY 0026+ (i + 1) ©
\/5 o

Ratio of electric and magnetic field amplitudes:

Eq N»Ow Ho wWeo
Z| = || =\ — = pocyV Q K poc
Hy o \/é‘oﬂo

Recall that the impedance of free space is Z, = E/H = ugc = 377 Q,
and the electric/magnetic energy ratio in free space is

1 1 E?
(EOE2> / (B2> — EO0MO * 5, = c"—'qllll~”l:l‘32 —

2 (lecture 14)

EM field energy in a good conductor is almost enti_l:ely magnetic.
Large conductivity o leads to small E dueto 7 = o E . 4




Refractive index

Refractive index definition via the phase velocity of the wave:
W C kc
V= — = —, therefore N — —
k n W
Complex wave number is equivalent to complex refractive index.
Similarly to dielectrics (lecture 18), this leads to wave attenuation.

in the low-frequency regime (w«Ky=1/t.): = 1/y/€otto
c 1— z\/ 11— o 1 —1
o QoW = g — =
V2 H V2 gow  V2Q

As for the wave number, equal real and imaginary parts:
n = N, —iN; ,with N, =n; = 1/4/2Q
Considering that Q«1, we conclude that n,>1, n;>1. 5

Refractive index of good conductors (w<<ao/gg) [ Recall that ]
&

n —



Reflection at conductor surface

Reflectance at a boundary, normal incidence (lecture 17):
B (nl — 7o ) 2
ni + N2
This expression can be applied to conductors (with complex n values).

For a vacuum/good conductor boundary,
o 1—3

_|n—1 vag 1
= 1—i | 4

n+1 V2Q °
Let’s denote © = n, = 1/4/2Q > 1.

Keeping only the leading term in 1/x,
_'(1—3')3;—1 ? =14z —iz|? (x-—1)%+2?
Al =dDx+1] D4+ x—ix]2 (x4 1)2 4 22
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Reflection at conductor surface

Reflectance at normal incidence: R =1 — 2/n, =1 — 2,/2Q

2w

g
"«1

o

Metals: near-perfect reflection of radiowaves and microwaves,
(A>1 mm), thanks to the large values of n, and n;.

Transmittance: T' =1 — R = 2/2Q = 2

Example: copper at a microwave frequency w = 1010 s-1,

~ 104

2.89x 10712 F/m - 1010 Hz
1T =2
6 x 107 Q—1m—1

The transmitted wave is dissipated as Joule heating.

Optical frequencies do not satisfy the condition w<«1/t.~1013 s 1,

The classical theory is unable to describe reflection at optical
frequencies (w~10"° s~"); atomic transitions (E~1 eV) take place. 7



Skm effect

Alternating current in a good conductor, Q = —— << 1
o 2
The E field penetrates a distance 6 into the surface, 0 =

. : : HoOow
Eddy currents arising from changing B field cancel

the current in the centre of conductor and reinforce it in the skin.
~ N\ Resistance of a cylindrical wire (length L, radius r):

~_ 1 L
I at low frequency, Ry = . :
w 2
~ o T7r
at higher frequency w (such that 6«r), the current
= is carried in a thin skin layer of a typical width 6;
1 L
bt R~ —- = Ro-— > Ro
_________ o 27rd 20
Q Copper wire, r=1 mm, v=w/2m=50 MHz: R/R,=r/(256)=50.
1 W
For high-frequency currents in general, & ~ — ~ 4/ — 3
oo o



Summary

% Rapid attenuation of waves in good conductors, 5 2
characterised by the skin depth: — (LT W

¢ Refractive index and wave impedance in good conductors:
E 14 2 1 — 12
Z = — = /| <L upce n =
H o6 2] < po V20
v' Magnetic field lags in phase by 45 degrees.
v' Field energy is almost entirely magnetic.
v’ Large real and imaginary parts of refractive index.

¢ Good conductors reflect low-frequency EM waves very well.

Transmittance (normal incidence): T' = 2+/2Q) <K 1

% Skin effect in good conductors: R ~ i ~ /f
o

wire resistance for high-frequency currents od
9
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