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ANALYTICAL SOLUTION OF FINITE
CAPACITY M/D/1 QUEUES
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Abstract

Although the M/D/1/N queueing model is well solved from a computational point of
view, there is no known analytical expression of the queue length distribution. In this
paper, we derive closed-form formulae for the distribution of the number of customers in
the system in the finite-capacity M/D/1 queue. We also give an explicit solution for the
mean queue length and the average waiting time.
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1. Introduction

In the performance evaluation of modern telecommunication systems, deterministic service
time queueing models are frequently applied for system modelling. For instance, such models
are often used to describe the cell scale queueing problem in the ATM multiplexer. According
to the system to be modelled, several deterministic service time models have been considered
(see [8], [12] and [5]): M/D/1,Geo" /D/1, N * D/D/1 and > D;i/D/1.

The M/D/1 queue [6] is by far the simplest and most general model and it has a variety of
applications not only in the telecommunication area, but also in operations research, computer
science and many other engineering areas. This model, already studied by Erlang in 1909, is
a queueing system with Poisson arrivals and deterministic (constant) service time. This model
is appropriate for continuous deterministic service time queueing systems, which input can be
seen as ‘completely random’ or as a superposition of a large number of processes. This follows
from the fact that in situations with many sources, each having a small generation rate, the
actual arrival process approximately follows a Poisson process.

Although this model has been studied for a long time and is well solved from a computational
point of view, there are still few explicit analytical results for the finite capacity queue (denoted
M/D/1/N). As discussed in Section 2, apart from the special case of no waiting room at
all (Erlang’s loss model), there is no closed-form formula for the queue length distribution.
Moreover, there is no known analytical expression of the mean number of customers in the
system.

In this paper, we derive closed-form formulae for the distribution of the number of customers
in the system. We also give an explicit formula for the mean number of customers.
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Analytical solution of finite-capacity M /D /1 queues 1093

The paper is organized as follows. Section 2 recalls the basic relations for M/G/1/N
queues. Section 3 is devoted to stationary analysis of M/D/1/N queues. We derive closed-
form formulae for the steady-state queue-length distribution, for the mean queue length and
the average waiting time. In Section 4, we propose an algorithm for efficiently computing the
queue length distribution.

2. The basic relations for M /G/1/N queues

The M/D/1/N model is a finite capacity queueing system, with N — 1 places in the waiting
room. Customers arrive according to a Poisson process at rate A. They are serviced according
to the FCFS (First Come First Served) discipline and the service time of each customer is the
same constant 7. Customers who upon arrival see a full system are rejected and do not further
influence the system (lost customer cleared). Since the finite waiting room acts as a regulator
on the queue size, no a priori assumption about the utilization factor p = AT is needed.

A computational scheme for the time average probabilities P;(N) is known for the more
general M/ G /1/N model [10]. Denoting by A ; x the expected amount of time that k customers
are present during a service time that is started with j customers in the system, we get the
following relations:

k
Py(N) = APo(N)A1k + Y APj(N)Ajx,  1<k<N. )
j=1

These relations allow recursive computation of Py (N)/Po(N), Po(N)/Po(N),.... The
unknown Po(N) is computed by normalizing probabilities.

Although the M/D/1/N queue can be solved by means of the above relations, there is no
analytical solution for the steady-state distribution.

3. The finite capacity M/D/1 queue

In this section we derive the important parameters of an M/D/1/N queue. To this end,
we consider the embedded Markov chain associated with the M/D/1/N queue and derive the
queue length distribution at departure epochs. It should be pointed out that if the probability
distribution obtained at departure epochs happens also to be valid at all points in time in the
infinite capacity case, this is no longer true in the finite capacity case. However, the probability
distribution at departure epochs will be used to derive the stationary probability distribution at
all points in time.

3.1. Embedded Markov chain

Let Xy (¢) be the number of customers in the system at time ¢. Let ¢, be the date of the nth
customer departure. The stochastic process {Xn (#:)},>0 is a Markov chain with state space
{0, 1, ..., N —1}. Hereafter, q;(t,) will denote the probability that j customers are left behind
by the nth departure. Also, in the sequel, ax will denote the probability of k arrivals during a
customer service. Since arrivals are Poisson distributed with rate A and since service duration
is a constant 7', we have:

[
) = He .
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1094 O. BRUN AND J.-M. GARCIA

It is easy to show that the probability transition matrix of the embedded Markov chain,
IT = [m; ;], takes the form [9]:

[0 a1 a2 - ano o]
N-2
a o @ -+ any-2 1—=) g "o
n= N=3
0 ap o -+ an_3 1= 4 "
Lo o0 o0 ... oo l—ay

Moreover, it is known that the stochastic matrix IT is ergodic [2]. As a consequence, the
stationary distribution Q = [qq, - .., gnv—1] exists and it is an eigenvector of the matrix IT, so
QT1 = Q. This implies that the stationary distribution Q verifies the following linear system:

apq0 + ®oq1 = 9o
o190 + o191 + g2 = q)
a2q0 + a2q1 + @192 + @og3 = q2

aN_2q90 + AN_291 + -+ + XogN—1 = gN-2.

This is a linear system of N — 1 equations involving the N unknowns qo, . .., gny—1. Hence, it
allows us to express the probabilities g1, ..., gy— in terms of gg. Let ap, ..., an—1 be such
that g, = a,qo for all n > 0. It is easy to see thatap = 1, aj =e” — 1 and thatay, ..., an—
obey the following recursion:

n—1
ap =¢e° (an—l - Zaian—i - an-lao>- 2)

i=1

Now, let (a),>o be the infinite sequence whose first terms are ay, ..., ay— and whose
other terms are defined by the recursion (2). Let A(z) be the z-transform of this sequence, i.e.

o0
A(2) = Z akzk.
k=0

Lemma 1 gives an explicit formula for the generating function A(z).

Lemma 1. The generating function A(z) takes the form A(z) = (1 — 2) B(z), where B(z) =
1/(1 — zer(1=9),

Proof. The recursion scheme (2) implies that

o
Zanz Zanaoz +ZZaaz”+’ !
n=0

i=1 n=0
that is,

(pz) Il e
Az) = age™" Z +- D air Y and™.
i=1 n=0

n=0
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Hence b

el (z—
A@ = ape?™V + —— (4@ — ),
which leads to
1 -z
1 —zer(1-0)"
Now, let (bp),>0 be the coefficients of the z-transform B(z). Proposition 1 provides a
closed-form expression for these coefficients.

A(z) =

Proposition 1. The coefficients a, are given by ap = 1 and, forn > 1, a, = b, — b,_|, where
by = 1 and, forn > 1,

by, = Z - 1) (n k)ke(n—k)ppk'
k=

Proof. We have
o0 o0 o0
S =Y b 2 Y bt
n=0 n=0 n=0

hence

Zanz —bo+Z(b — ba_1)2",

n=0
which proves that ap = 1 and that a, = b, — b,,_l for all n > 1. We now turn to the second
part of the proof. Let us define the z-transform F(z) as follows:

1
F(Z) ( ) _ k)ke(n—k)ppkzll
n=0 k=0
Thus
F(z) = Z Z o mkemppk k,m
k=0 m=0
Since -,
l)k k k_k —mpz
Z mpzt=e
we have that

o0
F(Z) = Z emP(I—Z)Zm‘

The series F(z) converges if leP1=3z] < 1. In particular, if |z| < 1 we have the following
explicit expression for the z-transform F(z),

1
1 — zer(1-2)
and thus we find that F(z) = B(z) which proves that by = 1 and

F(») =

= (= DF
b, = Z —k'—(n - k)ke("_k)ppk, Vn > 1.
k=0 )
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1096 O. BRUN AND J.-M. GARCIA

Remark 1. Letting P (¢) = ((An)k / ke, we have the following simple expression for the
coefficients (by),>0:

n
bn=) Pu(k—m)T),  Vn>0.
k=0
We can now derive an explicit expression for the steady-state probability distribution at
departure epochs.

Lemma 2. At equilibrium, the probability distribution Q = [qo, ..., qn] of the number of
customers left behind by a departure is given by

1 by — by
Go=7— dn=—"l  n=1..,N-L

bn-1
Proof. The probability normalization implies that Z;(V;Ol gk = 1. Thus,

1 1
‘IO = — =
N oar  bn-

and, moreover,
bn - bn—]
by-1
3.2. Steady-state probability distribution
It should be pointed out that in the finite capacity case, the steady-state probability distribution
Q of the number of customers left behind by a departure differs from the queue length
distribution P = [Po(N),...,Py(N)] in the M/D/1/N queue. However, in the case of
M/G/1/N queues, it is known that the following relation holds [2]:

dn = anqo =

P;(N)
G =T "o
1 —-Py(N)
Using this relation the following theorem states our main result.

Theorem 1. The probability distribution of the number of customers in the system is given by

Po(N) = T+ o’
PvW) =1- 2L ®
pj(N)=-1Q_'—_—_;)§:;—/:_%, j=1,...,N -1
Proof. We have
PV —0,...,N—1. @)

U= TRy
A simple conservation law implies that

1
Al =Py(N)) = (1 = Po(N)).
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Thus
1
1 —Py(N) = ;(1 = (1 = Pn(N))q0)-

Together with g9 = 1/by_1, this leads to

by_1

1-Py(N) = ———8—.
N(N) T4 pbyo

)

Other probabilities are derived using (4).

Using Theorem 1, it is straightforward to find the mean number of customers X in the
M/D/1/N queue.

Theorem 2. The mean number of customers of the M/D/1/N queue is given by

Yiso be
XN=N-—/]—"——. 6
N T+ pbr] (6)

Proof. Since

N
XN =) kP(N)
k=0
we have
oot k(b — b)) — Nby_;

Xyn=N+
N 1+ pby—1

The expected result is then obtained after some algebra.

Theorem 3. The mean waiting time Wy in the M/D/1/N queueing system is

N-1
—o bk — N
WN=<N—1———"—-°"—)T.
pbN—1
Proof. Let Ty be the average system time. Application of Little’s law yields
XN =A(1 —PN(N))Tn.

Using (5) and (6),

_ 114+ pby_1 N+ Npbn_| — Yoo b

T,
A W Y 1+ pby_y

)

and thus

N-1
g bk — N
WN=TN—T=<N—1—Z“—"—L>T.
pbN -1
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TaBLE 1: Comparison between the numbers of operations involved in each algorithm.

Operations ~ Our algorithm  Algorithm (1)

+ N(N—-1)  JN(N+3)

- 2N N?
JN(N+3) INWN+T)

/ N INN +3)

4. Algorithmic issues

In this section, we propose an algorithm for efficiently computing the queue length distri-
bution. This algorithm is compared to the one using the relation (1).

The algorithm is based upon relation (2) which allows an efficient computation of the
coefficients a, once the constants o have been computed. This relation can also be used
to compute the coefficients by, since by = ag and, fork > 1, by = Zf.;o a;. The queue length
distribution then follows using (3).

Table 1 proposes a comparison between the number of operations involved in this algorithm
and the number of operations involved in the algorithm (1). It is worthwhile noticing that the
number of divisions is of magnitude N2 in the algorithm (1) while it is only of magnitude N in
our algorithm.

5. Conclusion

In this paper, we have derived a closed-form formula for the distribution of the number of
customers in the finite-capacity M/D/1 queue. We also gave an explicit solution for the mean
queue length and the average waiting time. In [1] it is shown that all derived results for the finite
buffer queue are in agreement with those already known for the infinite buffer queue when the
queue size grows to infinity.
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